In this paper we will use our results about the local deformation theory of Calabi-Yau manifolds to define a Higgs field on the tangent bundle of the moduli space of CY threefolds. Combining this Higgs field with the Levi-Chevitta connection of the Weil-Petersson metrics on the moduli space of three dimensional CY manifolds, we construct a new Sp(2h 2,1 , R) connection, following the ideas of Cecotti and Vafa. We prove that this new connection is a flat connection. We proved earlier that the so-called extended Teichmüller space is a domain of holomorphy. The above described connection is exactly the flat connection coming from the action of the mapping class group on the Teichmüller space.
Introduction.
The moduli space M of three dimensional CY manifolds has a very rich structure. It was noticed by Griffiths and Bryant in [4] that M is a Lagrangian manifold. Based on this fact A. Strominger introduced in [25] the so-called special Kähler geometry and showed that M is a special Kähler manifold. Dan Freed in [11] showed that on the tangent bundle of the special Kähler manifold one can introduce a Hyper-Kähler structure. From here it follows that on the tangent bundle of M one can introduce a Hyper-Kähler structure. Before that R. Donagi and Markman constructed in [8] an analytically completely integrable Hamiltonian system which is canonically associated with the family of CY manifolds over M. They showed that on the space of the Griffiths intermediate Jacobians, associated with the family of three dimensional CY manifolds on M carries a Hyper-Kählerian structure. B. Dubrovin introduced the notion of Frobenius manifolds in [9] . The relations of the structure of Frobenius manifolds and Gromov-Witten invariants were studied by Yu. I.
Manin in [20] . The importance of all these structures was justified by the work of Candelas and coauthors in their centennial paper [6] . In this paper Candelas and his coauthors gave an explicit formula for the number of rational curves on the quintic hypersurface in the four dimensional projective space. Recently B. Lian, K. Liu and Yau gave a rigorous mathematical proof of the Candelas formula in [19] . M. Kontsevich and A. Givental made important contributions to the mathematical problem known as the mirror conjecture, initiated by Candelas and his coauthors. See [18] and [12] .
One important example of a special Hyper-Kähler manifold occurs in four dimensional gauge theories with N = 2 supersymmetry: the scalars in the vector multiplet lie in a special Kähler manifolds. The moduli space of such theories was studied by Cecotti and Vafa in [7] . They introduced the so-called tt* equation. In this paper we will study the analogue of the tt* equations on the moduli space for CY manifolds M following the ideas introduced by Bershadsky, Cecotti, Ooguri and Vafa in [5] . We will also modify the computations from [34] to characterize the holomorphic anomaly equations of Bershadsky, Cecotti, Ooguri and Vafa for the "counting functions" F g of curves of genus g on a CY manifold M as a projective connection as it was suggested by Witten. It seems that the following picture was suggested by Bershadsky, Cecotti, Ooguri and Vafa in [5] : The function F 0 defines a flat structure on the bundle R 1 π * Ω . So we can "quantize" M(M)and, as it was pointed out by Witten, we will get the holomorphic anomaly equations as a projective connection. Witten pointed out that the holomorphic anomaly equations are the analogue of the "heat equations" for the theta functions. From here one can deduce that if we know F 0 and F 1 we know all F g . It was Welters who first noticed that the heat equation of theta functions can be interpreted as a projective connection. See [33] . For other useful applications of the geometric approach to quantization see [15] .
We will describe now the ideas and the content of each section. In Section 2 we review the results of [28] and [27] and constructed the Teichmüller space of the CY manifolds. In Section 3 we show that the tt* equations on M are the same self dual equations that were studied by N. Hitchin and C. Simpson's in [16] and [23] . Thus tt* equations define a flat Sp(2h 2,1 , R) connection on the bundle R 1 π * Ω 2 X /M(R) . On the other hand we know that the tangent bundle
, where L is isomorphic to R 0 π * Ω 3 X /M(R) . We constructed by using the theory of determinant bundles a holomorphic non-vanishing section η ∈ Γ(M(M), (L * ) ⊗N ) for some N ∈ Z and N > 0 in [29] . Thus η defines a flat structure on the tangent bundle T X /M(M) of the moduli space of three dimensional CY manifolds M(M). Using the flat structure defined by the tt* equations on R 1 π * Ω 2 X /M(R) and the flat structure defined by the section η on L * , we define a flat Sp(2h 2,1 , R) connection on the tangent bundle T X /M(M) of the moduli space M(M) of three dimensional CY manifolds. We will call this connection the Cecotti-Hitchin-Simpson-Vafa connection and will refer to it as the CHSV connection.
Simpson found a beautiful theorem in [23] which shows when a quasi-projective variety is covered by a symmetric domain. One can show that the tt* equations can be interpreted in the same way. This will be done in [30] .
In Section 3 we interpreted the holomorphic connection which is defined by the Frobenius Algebra structure on the bundle R 1 π * Ω 2 X /M(M) as a Higgs field. It seems that the paper by Deligne is suggesting that the Higgs field that we constructed is related to variation of Mix Hodge Structure of CY threefolds, when there exists a maximal unipotent element in the mapping class group. See [10] . The relations between variations of Mixed Hodge Structures and Higgs fields was studied in general in [22] . In Section 4 we will introduce a natural Z structure on the tangent space of each point of the moduli space of CY threefolds by using tt* equations. In order to do that we will introduce the notion of the extended period space of CY threefolds which is similar to the period domain of marked algebraic polarized K3 surfaces. We know from the moduli theory of algebraic polarized K3 surfaces that on the period domain the points that define K3 surfaces with CM structure form an everywhere dense subset. This follows from the fact that the period domain is an open set on a quadric defined over Q in the projective space P(Z 19 ⊗ C). This fact together with the existence of a flat Sp(4h 2,1 , R) connection on the extended period domain will define in a natural way a lattice of maximal rank in the tangent space at each point of the moduli space of CY threefolds.
The extended period space is defined as the space parametrizing filtrations
The extended period space h 2,2h 2,1 has complex dimension 2h 2,1 and is embedded in
We will show that if K is the local moduli space of M, then K × K can be embedded in the extended period domain h 2,2h 2,1 which has complex dimension 2h 2,1 and is embedded
2,1 +1 . On K × K there exists a flat structure defined by the CHSV flat connection. We will suppose that K ⊂ K × K as follows; to each τ ∈ K we assign (M τ , M τ ), where M τ means the conjugate complex structure of that on M τ . On the other hand, it is easy to prove that there exists an every where dense subset of pointsh 2,2h 2,1 (Q) in h 2,2h 2,1 such that if τ ∈ h 2,2h 2,1 (Q), then the tangent space T τ can be identified with (F 0 + F 0 ) ⊥ and
is a free abelian subgroup of rank 2h 2,1 in H 3 (M,Z)/Tor on which < , > is a nondegenerate, and moreover, if {γ 1 , .., γ 2h 2,1 } is a basis of W, then | det <.γ i , γ j > | = 1 Using the existence of the Sp(2h 2,1 , R) connection defined by the tt* equation on
, we define by the parallel translations a Z structure on the fibres of the bundle
at each point of the moduli space of M.
The mirror symmetric suggests that we can identify the second cohomology group of the mirror CY M' with H 2,1 of the original CY manifold. Since the second cohomology group of a CY manifold has a natural Z structure, then H 2,1 of the original CY manifold should also carry a natural Z structure. This construction suggests that the existence of the natural Z structure on H 2,1 is equivalent to the tt* equations. In Section 5 we obtain an algebraic integrable system in the sense of Donagi and Merman using the flat Cecotti-Hitchin-Simpson-Vafa connection. From here we obtain a map from the moduli space of CY manifold M to the moduli space of principally polarized abelian varieties and the CHSV connection is the pull back of the connection defined by Donagi and Merman on the moduli space of principally polarized abelian varieties. See [8] .
In Section 6 we just copied the results and computations done in [1] and in [34] . The difference is that Witten did quantize H 3 (M,R) while we quantize the tangent bundle of M(M). This can be done since we can identify the tangent spaces at each point of the moduli space of CY manifolds by using the parallel transportation defined by the flat connection Sp(2h 2,1 , R)defined by Cecotti-Hitchin-Simpson-Vafa and the existence of the non-zero section η. We will show that the symplectic structure defined by the imaginary part of the Weil-Petersson metric is parallel with respect to the CHSV connection. We will apply the scheme of geometric quantization proposed by Axelrod, Della Pietra and Witten in [1] to this situation. In fact we will repeat the beautiful computation done by E. Witten in [34] for the tangent bundle of M(M), which is isomorphic to
, where X → M(M) is the versal family of CY manifolds, L is the relative dualizing sheaf of the family of CY manifolds X → M(M) and
is the direct image of the sheaf of relative holomorphic two forms of the family X → M(M). We will derive the holomorphic anomaly equations of Bershadsky, Cecotti, Ooguri and Vafa of the genus g≥ 2 free energy in [5] , by exactly following the method from [34] . It is easy to see that any complex manifold has an almost integrable complex structure. We will define what is a Beltrami differential. We will see how Beltrami differentials relates the different complex structures.
, then we will call φ a Beltrami differential.
, we deduce that locally φ can be written as follows:
From now on we will denote by
id .
We will consider only those Beltrami differentials φ such that det(A φ ) = 0.
Definition 6.
It is easy to see that the Beltrami differential φ defines a new almost complex structure operator
With respect to this new almost complex structure the space Ω
generate Ω
1,0
φ | U and, moreover we have: Ω
We will formulate a criterion for the Beltrami differential φ to define an integrable complex structure: The Beltrami differential φ defines an integrable complex structure on M if and only if the following equation holds:
(See [21] .)
The main results in [28] are the two theorems stated bellow: 
are globally defined complex n forms ω τ on M and, moreover, ω τ are closed holomorphic n forms with respect to the complex structure on M defined by φ(τ ).
Corollary 9.
We have the following Taylor expansion for
(See [28] .) From here we deduce the following Taylor expansion for the cohomology class [ω τ ] ∈ H n (M,C) : [28] .)
We are going to define the Kuranishi family for CY manifolds of any dimension.
Definition 11. Let K ⊂C
N be the policylinder defined by |τ i | < ε for every i = 1, .., N , where ε is chosen such that for every 
Moreover, if I is an integrable complex structure, then φ * (I) is integrable too. We will call a pair (M, {γ 1 , ..., γ bn }) a marked CY manifold, if M is a Calabi-Yau manifold and {γ 1 , .., γ bn } is a basis in H n (M, Z)/T or. Over the Kuranishi space we have a universal family of marked Calabi-Yau manifolds X → K. And, moreover, as a C ∞ manifold X is diffeomorphic to K×M. PROOF: From the construction of the Kuranishi family X → K, we know that as a C ∞ manifold X is diffeomorphic to KxM. So if we mark one fibre of the family X → M, we will mark all the fibres of X → K. From here we obtain that we can define a map:
as follows
which we will call the period map. It is not difficult to prove that the period map gives an embedding
See [4] . From here one can see that φ acts trivially on K since φ * acts trivially on H n (M, C). Our lemma is proved. .
Theorem 14. The Teichmüller space T (M) of a Calabi Yau manifold M exists as a complex manifold of dimension h
2,1 .
PROOF: Let us define T (M) as follows
where the equivalence relation ∽ is defined as follows: We identified Kuranishi spaces along the points over which the fibres in the Kuranishi family are isomorphic as marked CY manifolds. Lemma 13 states that we defined correctly the equivalence relation and moreover from here we obtained directly that the Teichmüller space T (M) is a complex analytic manifold of dimension equal to h 2,1 . This follows from theorem 7. Indeed theorem 7 implies that the tangent space at a point τ ∈ T (M) is isomorphic to
On the other hand we proved in [28] that the map
gives an isomorphism. Thus our theorem is proved. .
Definition 15.
We will define the mapping class group Γ ′ (M) as follows:
where Dif f + (M) is the group of diffeomorphisms preserving the orientation of M and Dif f 0 (M) is the group of diffeomorphisms isotopic to identity.
D. Sullivan proved that the mapping class group of any C ∞ manifold of dimension greater or equal to 5 is an arithmetic group. (See [26] .) It is easy to prove that the mapping class group Γ ′ (M) acts discretely on the Teichmüller space T (M) of the CY manifold M.
We will consider from now on polarized CY manifolds, i.e. a pair (M,ω(1, 1)), where
is a fixed class of cohomology and it corresponds to the imaginary part of a CY metric. We will define Γ(M ) as follows:
Remark 16. The space T (M)/Γ(M) = M(M) will be called the moduli space of M.
Viehweg proved in [32] that the moduli space M(M) is a quasi projective variety.
Weil-Petersson
Geometry. In our paper [28] we define a metric on the Kuranishi space K and called this metric, the Weil-Petersson metric. We will review the basic properties of the Weil-Petersson metric which were established in [28] . In [28] we proved the following theorem:
Theorem 17. Let M be a CY manifold of dimension n and let ω M be a non zero holomorphic n form on M such that
Let g be a Ricci flat (CY) metric on M. Then the map:
gives an isomorphism between Hilbert spaces and this map preserves the Hodge decomposition. [28] .
Corollary 18. We can identify the tangent space
T τ = H 1 (M τ , T 1,0 τ ) at each point τ ∈ T (M) with H 1 (M, Ω n−1 ), by using the map ψ → ψ ω M . Definition 19. Let ψ 1 & ψ 2 ∈ T τ = H 1 (M τ , T 1,0 τ )(
the space of harmonic forms with respect to the CY metric g.). We will define the Weil-Petersson metric as follows:
Notice that ψ, ψ >0. Next we are going to review the main properties of the WeilPetersson metric on the Teichmüller space T (M). The Weil-Petersson metric is a Kähler metric and it defines a natural connection, namely the Levi-Civita connection.
We will denote the covariant derivatives in direction ∂ ∂τ i at the tangent space of a point τ ∈ T (M) defined by φ i by ▽ i . In [28] we proved the following theorem:
Theorem 20. In the flat coordinate system introduced in Definition 11 the following formulas hold:
and the following formulas are true for the curvature:
3. Flat Sp(2h 2,1 , R) Structure on the Moduli Space of CY Threefolds.
Gauss-Manin Connection. Definition 21. On the Teichmüller space T (M) we have a trivial bundle namely
H n = H n (M, C) × T (M)→ T (M).
from the Definition 16 of the moduli space M(M)=T (M)/Γ(M), we obtain a natural flat connection on the flat bundle
H n /Γ(M) → T (M)/Γ(M) = M(M).
This connection is called the Gauss-Manin connection. The covariant derivative in direction φ i of the tangent space T τ,M(M) with respect to the Gauss-Manin connection will be denoted by
The Gauss-Manin connection D is defined in a much more general situation and it is defined on the moduli space of CY manifolds of any dimension. In this subsection we will consider CY manifolds of any dimension. We will state explicit formulas for the covariant differentiation D i defined by the Gauss-Manin connection.
).
PROOF:
The proof of the lemma follows directly from the formula stated in Corollary 9. Indeed since {φ i } is a basis of
From the formula in Corollary 9 we conclude that
From the definition of the Gauss-Manin connection defined in Definition 21 and the formula from Corollary 9 we deduce that D i φ = φ ω i . Our lemma is proved. .
Some Standard Identifications on Three Dimensional CY Manifolds.
In this subsection we will suppose that M is a three dimensional CY manifold. We will also fix a holomorphic three form ω 0 such that
Using this form and theorem 17 we can identify the following cohomology groups on M:
. This identification we will denote by ι.
PROOF: Our proposition follows directly from theorem 17. .
Proposition 24. The Poincare map identifies
with . This identification we will denote by Π, i.e. Π :
and it is defined as follows on some basis 
Construction of a Higgs Field on the Tangent Space of M(M).
The proof of this lemma is standard. .
Flat Structure on the Line Bundle K Y/M(M)
. In [29] we proved that there exists a subgroup Γ ′ ⊂ Γ of finite index such that the T (M)/Γ ′ is a non-singular variety. From now on we will denote by M(M) the complex manifold T (M)/Γ ′ . In [3] the following Theorem was proved: 
Since the index of the ∂ operator on odd dimensional CY manifolds is zero, Theorem 28 implies that there exists a global section of the line bundle (K * Y/M(M) ) det( ∂) = η whose Quillen norm is equal to the exponential of the Ray-Singer Analytic Torsion of CY manifold. It is easy to see that in case of odd dimensional CY manifolds the Ray-Singer Analytic Torsion is non-zero. From here we deduce that the section η does not vanish on the moduli space M(M) when the dimension of the CY manifold M is odd. The section η defines a flat structure on the line bundle K Y/M(M), ,i.e. ∇η = 0. For more details see [31] .
. From now on we will consider only three dimensional CY manifolds.
an orthonormal basis with respect to the Weil-Petersson metric on
. Then we define a Higgs field∇ by using the Gauss-Manin connection and Poincare duality Π in the following manner:
Lemma 30.∇ is a Higgs field.
PROOF: It is easy to see that
Our Lemma is proved. .
Corollary 31. We see that
PROOF: Our lemma follows directly from the definition of∇. Indeed since the Gauss-Manin connection is a flat one and the fact that the covariant derivative of Poincare duality is zero we deduce that:
Higgs Field on the Tangent Bundle of M(M). We will define a Higgs Field on the tangent vector bundle
as the tensor product of id ⊗∇. We will denote this Higgs Field by θ.
Lemma 33. Let {φ i } be a basis of orthonormal vectors with respect to the Weil-Petersson metric on the tangent space
T 0 = H 1 (M,T 1,0 ). We define ϑ: ϑ i (φ j ⊗ η) := ̥ −1 (D i (φ j η)))⊗ η,
where D i is the Gauss-Manin connection and it is defined in Definition 21. ̥ is defined in Definition 25 and η is a holomorphic three form on M defined from Theorem 28. Then ϑ is a Higgs field on the tangent bundle of M(M ).
PROOF: This lemma follows directly from Corollary 31 and the fact that
. Lemma 33 is proved. .
Definition 34.
We will define C k ιj for fixed τ 0 ∈ M(M) as follows:
PROOF: We will prove A. From the formulas stated in Lemmas 22 and 33 we get the following formulas for C k ij : Let {φ i } be an orthonormal basis with respect to the WeilPetersson metric in T τ,M(M) . We can multiply η by a constant and so we can assume that at the point τ 0 ∈ M(M) η = ω 0 . We deduce from the definitions of the Poincare duality and of the W-P metric that Π(φ i η) = φ i η. From the definition of ι in Proposition 23, from the above stated formula and the definition of C k ij , we conclude that
This formula implies that C 
We will show that the Cecotti-Hitchin-Vafa-Simpson connection is flat. 
PROOF:
In [28] we proved that with respect to the coordinates that we introduced in Theorem 7, the Levi-Civita connection of the Weil-Petersson metric is just the differentiation and we have ▽ i = ∂ i . We also know that the ϑ i = ∂ i + C i and C i is a matrix whose elements are holomorphic functions. So from here our proposition follows. . ) at any point τ 0 ∈ M(M ). We assume that at the point τ 0 ∈ M(M ), η = ω 0 . We proved in [28] the following formula:
On the other hand it is easy to see that
If we prove that
then our theorem will follow. From the definition of C l ik it follows that with respect to the Weil-Petersson metric, we have the following formulas for
From this relation and the fact that
where (φ q ω 0 ) * = φ q ω 0 is the Poincare dual of (φ q ω 0 ), we deduce that
This equality proves our proposition. . Theorem 37 is proved. . On the other hand ω τ (1, 1) is just the restriction of the intersection form on H 3 (M) and so it is parallel with respect to the Gauss-Manin connection and so to the connection θ. From here the corollary follows directly. .
Remark 41. The imaginary form of the Weil-Petersson metric is a parallel form with respect to the CHSV connection.
It is easy to see that Cecotti-Vafa tt* equations are exactly the Hitchin-Simpson self duality equations studied in [16] , [23] and [24] .
We will call the connection that we constructed a Cecotti-Hitchin-Simpson-Vafa connection and will denote it as a CHSV connection.
4. The Extended Period Space of CY Manifolds. 4.1. Definition of the Extended Period Space and Basic Properties. In this paragraph we will study the extended period space
which parametrizes all possible filtrations of the type:
where dim F 0 = 1 plus some extra properties which are motivated from the filtration of the above type associated with a CY manifold M.
We will use the following notation for the cup product in H 3 (M,C), i.e.
Theorem 43. There is a one to one map between points τ of h 2,2h 1,2 and two dimensional oriented planes E τ in H 3 (M,R), where E τ is generated by γ 1 and µ 1 such that
PROOF: Let ω τ ∈ H 3 (M,C) be a non-zero vector corresponding to a point τ ∈ h 2,2h 1,2 . It is easy to see that we can choose ω τ to be such that
So we will define E τ as a the two dimensional subspace in H 3 (M,R) spanned by Re ω τ and Im ω τ . Let γ 1 and µ 1 ∈ H 3 (M,R) such that < γ 1 , µ 1 >= 1. Let E be the two dimensional spanned by γ 1 and µ 1 ; then if we define ω E : µ 1 + √ −1γ 1 we will get
This proves our theorem. . 
τ . The Hodge structure of weight two that corresponds to τ ∈ h 2,2h 1,2 is defined as follows:
We will introduce a metric G on H 3 (M,C) as follows:
Definition 46. Let M be a fixed CY manifold and let
be the Hodge decomposition of ω, then ω, ω is defined as follows:
We will make some remarks about the metric just defined. From the definition of the metric, it follows that it has a signature (2, 2h 2,1 ) on H 3 (M,R). We will denote the quadratic form of this metric by Q. 
So our claim follows directly. .
Theorem 48. The space h 2,2h 1,2 that parametrizes all filtrations
as defined in Remark 45 are isomorphic to the symmetric space SO 0 (2, 2h 1,2 )/SO(2)× SO(2h 1,2 ). PROOF: The proof of this theorem is standard from variations of Hodge structures of weight two. See for example [14] . .
We will use the following interpretation of the space h 2,2h 1,2 = SO 0 (2, 2h 1,2 )/SO(2) × SO(2h 1,2 ) as
Definition 49. We will define a canonical map from
as follows; let E τ ∈ H 2,2h 1,2 and let e 1 and e 2 be an orthonormal basis in E τ , then e 1 + √ −1e 2 defines a point τ ∈ P(H 3 (M,R) ⊗ C)) such that Q(τ, τ )= 0 and Q(τ, τ ) > 0. It is a well known fact that h 2,h 1,2 is isomorphic to the irreducible compenent of the open set of the quadric in P(H 3 (M,R) ⊗ C) defined as follows:
We will defin e next the analogue of the period map p : K × K → P(H 3 (M,R) ⊗ C)) and will show that the analogue of local Torelli Theorem holds, i.e. we will show that K × K ⊂h 2,2h 1,2 . We will consider the family X ×X → K × K, where the family X → K is the family that corresponds to the conjugate complex structures, i.e. over the point τ ∈ K we consider the conjugate complex structure that was defined in We will also show that the set of points of h 2,2h 1,2 which corresponds to two dimensional oriented subspaces E τ ⊂ H 3 (M,R) on which the form Q is positive.
Definition 50. We will define the period map
as follows; to each point (τ, υ) we will define p(τ, υ) as the line in H 3 (M,R)⊗C that corresponds to the oriented two plane
spanned by Re(ω τ + ω υ ) and Im(ω τ + ω υ ) and ω τ and ω ν are defined as in Theorem 8.
Remark 51. We will embed the Kuranishi family K in K × K as follows; to each τ ∈ K we will associate the complex structure (I τ , −I τ ) on MxM.
Theorem 52. p is a local isomorphism and so the image p(K × K) is contained in h 2,2h 1,2 for small enough ε.
Using the fact that h 2,2h 1,2 is an open set in the Grassmanian Gr(2, 2h 1,2 + 2) and the fact that the condition Q |Eτ,υ > 0 is an open condition, we conclude that the two dimensional oriented space E τ,υ ⊂ H 3 (M,R) spanned by {Re ω t + Re ω υ , Im ω t + Im ω υ } , where ω τ and ω ν are defined as in Theorem 8 will be such that Q |Eτ,υ > 0. From here we deduce that p(τ, υ) ∈ h 2,2h 1,2 . The first part of our Theorem is proved.
The second part of our Theorem follows directly from the local Torelli theorem. (See [13] .) Our Theorem is proved. .
Since p is a local isomorphism we may assume that K × K is contained in h 2,2h 1,2 for small enouph ε.
Corollary 53. On K × K the Cecotti-Hitchin-Simpson-Vafa connection defines a flat
(For the definition of the Cecotti-Hitchin-Simpson-Vafa connection see Definition 36.) PROOF: The corollary follows directly from 37. .
Definition 54.
We define h 2,2h 1,2 (Q) as follows : described in 45. Indeed the point τ ∈ h 2,2h 2,1 (Q) defines two vectors γ 0 and µ 0 ∈ H 3 (M,Z)/Tor such that < µ 0 , γ 0 > ∈ Z and < µ 0 , γ 0 >> 0.
We choose the vectors {γ 0 , µ 0 , γ 1 , µ 1 , .., γ h 2,1 , µ h 2,1 } to be in H 3 (M,Z)/Tor and we require that < µ i , γ j >= δ ij . Then, from the way we defined H 2,1 τ and H 1,2 τ , it follows that
The Corollary is proved. .
Construction of a Z Structure on the Tangent Space of M(M).

Definition 57. To define a Z structure on a complex vector space V means the construction of a free abelian group A ⊂ V such that the rank of A is equal to the dimension of V, i.e. A ⊗ C = V.
We will embed K in K × K as in Remark 51. Next we choose a point
such that κ ∈ (K × K)∩h 2,2h 2,1 (Q) and we know that to κ there corresponds a two dimensional space E κ ⊂ H 3 (M,Q), with the additional condition, that there exists vectors γ 0 and µ 0 ∈ H 3 (M,Z)/Tor that span E κ and < µ 0 , γ 0 >= 1. The existence of such points follows from the fact that the set of all two dimensional space, E κ ⊂ H 3 (M,Q) such that there exists vectors γ 0 and µ 0 ∈ H 3 (M,Z)/Tor and < µ 0 , γ 0 >= 1 is an everywhere dense subset in h 2,2h 2,1 . Let
such that γ 0 and µ 0 span E κ and < µ i , γ j >= δ ij . It follows from the construction done in Corollary Remark 45 that the vectors
κ , i.e. they span the tangent space T κ,h 2,2h 2,1 = H 2,1
κ . We know from Corollary 40 that there exists an Sp(2h 2,1 , R) flat connection on K and so we define a flat connection on the product K × K as the product of the two connections. Using this Sp(4h 2,1 , R) flat connection we can transport the vectors
From the fact that the tt * equations defined a flat Sp(2h 2,1 , R) connection on K, we can conclude that < µ i,τ , γ j,τ >= δ ij and the abelian subgroup
Thus we defined for each τ ∈ K an abelian subgroup
τ ) and < γ, µ >∈ Z for γ and µ ∈ A τ .
Definition 58. The projection of the abelian subgroup
will be denoted by Λ τ for each τ ∈ M(M).
Theorem 59. There exists a holomorphic map φ from the moduli space M(M) of CY manifolds to the moduli space of principally polarized abelian varieties
, where
PROOF:From 58 we know that there exists a lattice Λ τ ⊂ T τ,K such that the restriction of the imaginary part of the Weil-Petersson metric Im(g)=< , > on Λ τ is such that < u, v >∈ Z and | det < γ i , γ j > | = 1 for any symplectic basis of Λ τ . Thus over K we construct a family of principally polarized abelian varieties A K → K. We in fact constructed a family of principally polarized abelian varieties A → M(M) over the moduli space M(M) since CHVF connection is a flat connection,globally defined over M(M). This means that we defined the holomorphic map φ between the quasi-projective varieties
The existence of φ follows from the fact that there exists a versal family of principally polarized abelian varieties
Our theorem is proved. . Definition 60. Let us fix a symplectic basis {γ 0 , γ 1 , .., γ h 1,2 ; υ 0 , ..., υ h 1,2 } in H 3 (M,Z)/Tor, i.e. <γ i , υ j >= δ ij . This basis defines a coordinate system in P(H 3 (M,Z) ⊗ C) which we will denote by (z 0 : . . : z 2h 1,2 ) . On the open set: U 0 := {(z 0 : .. : z 2h 1,2 +1 )| z 0 = 0, we define a holomorphic one forms:
where t i = PROOF:The proof is based on the following Proposition:
PROOF: It is easy to see that the definition of the extended period domain h 2,2h 1,2 implies that the tangent space T τ,h 2,2h 1,2 to any point τ ∈ h 2,2h 1,2 can be identified with the orthonormal complement (H 
is a positive polarization of the fibre X n . Hence X n is an abelian tersor. See [8] .
This notion is the complex analogue of completely integrable (finite dimensional) systems in classical mechanics and was introduced by R. Donagi and Merman in [8] . We will show that the family A → M(M) as defined in Definition 58 is an algebraic integrable system in the sense of Donagi-Merman.
Theorem 65. The holomorphic family A → M(M) defines an algebraic integrable system on the moduli space of three dimensional CY manifolds M(M) in the sense of Donagi and Merman.
PROOF:We must check properties a, b and c as stated in [8] . In order to check property a and b, we need to construct a non-degenerate closed holomorphic two form η on the cotangent space T * K(M). Since the cotangent space T * τ (M) at a point τ ∈ K(M) can be identified with H 1,2 (M τ ), then the local Torelli theorem for CY manifolds shows that the restriction of the symplectic form ψ defined by the intersection form on H 3 (M,Z)/Tor will give a globally defined holomorphic form ψ on the cotangent bundle of K(M). Then the properties a and b as stated in [8] are obvious.
Next we will construct the smoothly varying cohomology classes [ρ τ ] which fulfill property c. Let ρ(1, 1) be the imaginary form of the Weil-Petersson metric on M(M). Since we proved in [28] that the potential of the Weil-Petersson metric is defined from a metric on the relative dualizing line bundle of the family X → M(M), we deduce that ρ(1, 1) is a smoothly varying cohomology class of type (1, 1) . From here we deduce that for each τ ∈ M(M),
varies smoothly. We need to show that [
. This statement is equivalent to saying that if ν and µ are any two vectors in the lattice
then ρ τ (ν, µ) ∈ Z and if γ 1 , .., γ 2h 1,2 is a Z-basis of the lattice Λ τ ,then det(ρ τ (γ i , γ j )) = 1. We proved that the imaginary part of the Weil-Petersson metric is a parallel with respect to the Cecotti-Hitchin-Simpson-Vafa connection. (See Remark 41.) We used the Cecotti-Hitchin-Simpson-Vafa parallel transport to define the Z structure on
From here it follows that the number [ρ τ ](ν, µ) is equal to the cup product of the parallel transport of the vectors ν and µ at a point
which is an integer. Exactly the same arguments show that det(ρ τ (γ i , γ j )) = 1. So the family A → M(M) fulfills properties b and c. Our Theorem is proved. .
Geometric Quantization of M(M).
General Introduction to ADW Quantization.
Basic Notions in ADW Geometric Quantization Scheme. In this section we will follow very closely the two papers [1] and [34] . We are going to review the method of geometric quantization described in [1] and [34] . We will consider a linear space W ≅ R 2n with a constant symplectic structure
where ω ij is a constant invertible matrix and the x i linear coordinates on R 2n . We will denote by ω −1 the matrix inverse to ω and obeying 
Definition 67. Then one can introduce the "prequantum Hilbert space" H 0 which consists of L 2 sections of L.
In order to define the quantum Hilbert space, we will introduce the notion of polarization.
Definition 68. We will consider a polarization defined by a choice of a complex structure J on W with the following properties: a. J is a translation invariant, so it is defined by a constant matrix J H J is a quantization of the symplectic manifold W ; we want to exhibit a flat connection over the parameter space of J ′ s that will enable us to identify the H J 's. Construction of such a connection enables one to speak of the quantum Hilbert space H which has a realizations depending on the choice of J. Actually, the connection will only be projectively flat, so this will only work up to a scalar multiple.
Construction of Witten's Projective Connection. To write down the connection, we will introduce some notations following [34] . First of all, one has the projection operators
We know that the real vector space W with a complex structure J can be identified canonically with the space
by the map
We need to write down explicitly in fixed coordinates these two identifications. We will follow Witten's notations in the above identifications. For any vector v i , we write
For one forms we have
We have
This means that the projections of J i j and δ i j are proportional. Let Z be the space of all J's obeying the conditions defined in Definition 68. Z is a copy of the Siegel upper half plane, i.e.
It is a well known fact that we have the following realization of Z = Sp(2n, R)/U (n) as a tube domain;
Z ={Z| Z is a (nxn) complex matrix such that Z t = Z and Im Z >}.
Z has a natural complex structure, defined as follows. The condition J 2 = −1 implies that for δJ a first order variation of J, one must have
This means that the non-zero projections of δJ on (1,0) vectors and (0,1) vectors are δJ Over Z we introduce two Hilbert space bundles. One of them, say H 0 , is the trivial bundle Z×H 0 . The definition of H 0 is independent of J. The second is the bundle H Q , whose fibre over a point J ∈ Z is the Hilbert space H J . H Q is a sub-bundle of H 0 . A section of H 0 is an arbitrary function ψ(t i ; J), while a section of H Q is a ψ(t i ; J) which for each given J is, as a function of t i , holomorphic in the complex structure defined by J, i.e. the following equation holds:
This equation has a dependence on J coming from the projection operators used in defining t i . A connection on the bundle H 0 restricts to a connection on H Q if and only if its commutator with D i is a linear combination of the D j . Since H 0 is defined as a product bundle Z×H 0 , there is a trivial connection δ on this bundle:
We can expand δ in (1, 0) and (0, 1) pieces, δ = δ (1,0) + δ (0,1) , with
Unfortunately, as it was shown in [34] this is not the case with the trivial connection. So one needs to modify the trivial connection so that its commutator with D i will be a linear combination of the D j Definition 70. Witten defined in [34] the following connection ∇ on the bundle H 0 = Z×H 0 → Z :
Witten proved the following theorem in [34] :
Theorem 71. A. The connection ∇ descends to a connection on H Q . B. The curvature of the connection ∇ on H Q is of type (1, 1) and it is equal to
This theorem shows that the curvature of ∇ is not zero, even when it is restricted to H Q . The curvature is a c-number, that is, it depends only on J, and not on the variables t i that are being quantized. The fact that the curvature of ∇ is a c-number means that parallel transport by ∇ is unique up to a scalar factor which, moreover, is of modulus 1 since the curvature is real or more fundamentally since ∇ is unitary. So up to this factor one can identify the various H J 's, and regard them as a different realization of the quantum Hilbert space H.
BCOF Anomaly Equations as Witten's Projective Connection.
We are going to quantize the tangent bundle T M(M) of the moduli space of CY threefold M. In this case the symplectic vector space W = W τ is the tangent space T τ,M(M) at some point τ ∈ M(M) and all W τ are identified using Cecotti-Hitchin-Simpson-Vafa connevtion. The symplectic forms ω τ on W τ are the imaginary part of the Weil-Petersson metric G i,j .
1
We know from Remark 41 that ω τ are parallel with respect to this connection.
We will use the notations from [34] for the Weil-Petersson metric, i.e. we will denote it by G i,j .
The complex structure on T τ,M(M) is defined by the complex structure of M τ since we have
τ ) and the complex structure operator J τ on the CY manifolds acts on in a natural way on
In order to derive the explicit formulas for Witten's projective connection defined in Definition 70 we need to fix the local coordinates in K ⊂ M(M), where τ ∈ K. We will use the flat coordinates (τ 1 , .., τ N ) defined in Definition 11. In the computations which we will do below, we will use the family of holomorphic three forms ω τ as constructed in Corollary 9. We need to compute (dJ i j ) in the local coordinates (τ 1 , .., τ N ).
From [28] we know that the coordinate system (τ 1 , .., τ N ) is defined by a choice of basis in H 1 (M,T 1,0 ) and a choice of a point τ ∈ K. We will choose {φ i } to be an orthonormal basis in T 0,M(M) with respect to the Weil-Petersson metric. We will use the class of cohomology ω τ as defined in Corollary 10. We also know from [28] that
for all τ ∈ K.
We will use the following notations
Notice that g i,j is a symplectic form not on
We will first compute the Witten's projective connection on the bundle
and then we will use the map φ → φ η −1 which identifies the tangent bundle T M(M) with
Lemma 72.
and the tensor
The idea of the computations is the following one; we know that in the basis {
τ ) the complex structure operator is given by the matrix:
we need to compute and express the vectors {
as a linear combinations of { ∂iωτ ∂τ i } since we know from [28] that
and thus we will get the matrix of the operator
. Thus we will get the formula stated in Lemma 72.
So we need to compute the vectors 
All these elementary facts imply that:
We know that
and so
This formula and the formula stated in Theorem 10 implies that:
Lemma 72 is proved. . Once we define the flat structure on π * Ω 3 X /M(M) , i.e. we choose η, we identify globally
On the other hand, for computational purposes we need to use the class of cohomology [ω t ] constructed in Corollary 10 in the identification of T M(M) with 
Thus Lemma 72 gives explicit formula for the matrix of the operator (dJ) in the basis { ∂ωτ ∂τ i } , namely,
The metrics g is defined on
and G is defined on the tangent bundle T M(M). These two metrics are related by the map φ → φ η −1 , so g i,j = e −K G i,j , where e −K is the natural metric on the space of holomorphic three-forms. The symplectic form ω 0 on T 0,K is given by the formula (ω 0 ) i,j = √ −1G i,j .
Lemma 74. (dJ)
PROOF:This lemma follows directly from Lemma 72, the fact that we are using the globally defined isomorphism ι τ : PROOF: We proved in [28] that the natural metric
on L is such that its Chern form of the natural metric ω τ 2 is √ −1 ∂ 2 ∂τ i ∂τ j log( ω τ 2 ) = ω. So this shows that π * (L) is the prequantum line bundle on the tangent bundle T M(M). This proves our lemma. .
Our goal is to reproduce the explicit computation of the projective connection from [34] and compare the formulas with BCOV holomorphic anomaly equations. So we need to fix the coordinate system (t 1 , .., t N ) in W and relate this coordinate system to the coordinate system (τ 1 , .., τ N ) ∈ K which parametrizes the family of complex structures J τ on W. We need to evaluate the expression for (dJω [5] .
PROOF: We need to compute explicitly the expressions in the definition of Witten's projective connection given in 70 in the coordinate systems (τ 1 , .., τ N ) in K and (t 1 , .., t N ) in W. We need to find the explicit expression for (dJω From the relations (ω
k,l and g c,j = e K G c,j we deduce the following formula:
From here we obtain that the condition that the quantum state represented by a vector Ψ(τ, t) is independent of t and can be expressed as it was pointed out by Witten, to be parallel with respect to the projective connection as defined in Definition 70. This means that Ψ(τ, t) satisfies the following equations: We conclude from the relation ω τ = λη −1 and the way we defined the coordinates (t 1 , .., t N ) that (τ 1 , .., τ N ) = λ(t 1 , .., t N ). From here we obtain that the equations derived from the Projective connection for a section of the Line bundle L ⊗N to be a quantum state will be: 
